We state and prove the q-extension of a result due to Johnston and Jordaan (cf. [22]) and make use of this result, the orthogonality of q-Laguerre, little q-Jacobi, q-Meixner and Al-Salam-Carlitz I polynomials as well as contiguous relations satisfied by the polynomials, to establish the quasi-orthogonality of certain 2 φ 2 and 3 φ 2 polynomials. The location and interlacing properties of the real zeros of these quasiorthogonal polynomials are studied. Interlacing properties of the zeros of q-Laguerre quasi-orthogonal polynomials L (δ) n (z; q) when −2 < δ < −1 with those of L (δ+1) n−1 (z; q) and L (δ+1) n (z; q) are also considered. MSC: 33C05; 33C45; 33D15; 33D45
Introduction
A sequence {P n } ∞ n=0 of real polynomials of exact degree n, n = 0, 1, . . . , is orthogonal with respect to a positive weight function w(x) on an interval [a, b] if b a x k P n (x)w(x) dx = 0 for k = 0, 1, . . . , n − 1 = 0 for k = n.
A well-known consequence of orthogonality is that the n zeros of P n (x) are real, simple and lie in the open interval (a, b). The zeros of P n depart from the orthogonality interval in a specific way when the parameters are changed to values where the polynomials are no longer orthogonal and this phenomenon can be explained in terms of the concept of quasi-orthogonality. A polynomial sequence {R n } ∞ n=0 , deg R n = n, n ≥ r is quasi-orthogonal of order r where n, r ∈ N with respect to w(x) > 0 on [a, b] if b a x k R n (x)w(x) dx = 0 for k = 0, 1, . . . , n − r − 1 = 0 for k = n − r.
Shohat [32] showed that, if {P n } ∞ n=0 is a family of orthogonal polynomials with respect to w(x) > 0 on [a, b], then {R n } ∞ n=0 is quasi-orthogonal of order r on [a, b] with respect to w(x) if and only if there exist constants c n,i , i = 0, . . . , n and c n,0 c n,r = 0 such that R n (x) = c n,0 P n (x) + c n,1 P n−1 (x) + · · · + c n,r P n−r (x), n ∈ {r, r + 1, . . . } c n,0 P n (x) + c n,1 P n−1 (x) + · · · + c n,n P 0 (x), n ∈ {0, . . . , r − 1}.
If R n is quasi-orthogonal of order r on [a, b] with respect to a positive weight function, then at least (n − r) distinct zeros of R n lie in the interval (a, b) (cf. [3, 32] ).
The notion of quasi-orthogonal polynomials of order 1 was introduced and studied by Riesz [30] . Quasiorthogonality of order 2 was introduced by Fejér [10] but it was Shohat [32] and then Chihara [6] , who generalized the concept of quasi-orthogonality for any order. In [6] , Chihara investigated extremal properties and location of zeros of quasi-orthogonal polynomials and showed that such polynomials satisfy a three-term recurrence relation with polynomial coefficients. Other classical references on quasi-orthogonality include the works by Dickinson [7] , Brezinski [2] , Draux [8, 9] and Ronveaux [31] . Properties of quasi-orthogonal polynomials and their zeros with respect to classical weights were studied in [3, 4, 11, 12, 13, 14, 15, 23, 24, 25] . Recent contributions on the topic may be found in the work by Tcheutia et al. [34] on quasiorthogonality of classical polynomials on q-linear and q-quadratic lattices and by Ismail and Wang [21] on a general theory for quasi-orthogonal polynomials, specifically their differential equations, discriminants and electrostatics.
Applications of zeros of quasi-orthogonal polynomials to interpolation theory, quadrature and approximation theory can be found in [1, 5, 18, 35, 36, 37] , and references therein, while applications of algebraic and spectral properties of quasi-orthogonal polynomials to problems in quantum radiation are described in [38] .
In this paper, we consider the quasi-orthogonality of some families of basic hypergeometric polynomials that do not appear in the q-Askey scheme of hypergeometric orthogonal polynomials. A basic hypergeometric function, a class of functions introduced and studied by Heine [20] , is a power series in one complex variable z with coefficients which depend, apart from q, on r complex numerator parameters α 1 , α 2 , · · · , α r and s complex denominator parameters β 1 , β 2 , · · · , β s . The basic hypergeometric series is defined as follows:
with k 2 = k(k − 1)/2 where q = 0 when r > s + 1 and (a; q) k is the q-shifted factorial defined by
When one of the numerator parameters, say α 1 is equal to q −n , then the series terminates and the function is a polynomial of degree n. We will assume throughout this paper that 0 < q < 1. 
are orthogonal with respect to the weight function z δ (−z; q) ∞ on the interval (0, ∞) for δ > −1 and hence we have
q-Laguerre polynomials satisfy the relation (cf. [29, Eqn. (4.12) ]),
Hahn [19] introduced the little q-Jacobi polynomials (cf. [27, pp. 482 , Eqn. (14.12.1)]) given by p n (z; a, b|q) = 2 φ 1 q −n , abq n+1 aq q, qz .
Little q-Jacobi polynomials are discrete orthogonal with respect to the weight function a z q z (bq; q) z (q; q) z for z ∈ (0, 1) , 0 < aq < 1 and bq < 1. 
are discrete orthogonal with respect to the weight function 
are orthogonal with respect to the weight qz, qz a ; q ∞ on (a, 1) for a < 0.
In this paper we will use the orthogonality of q-Laguerre, little q-Jacobi, q-Meixner and Al-Salam-Carlitz I polynomials respectively to investigate the quasi-orthogonality of the basic hypergeometric polynomials
(1.5)
In Section 2, we prove the q-extension of a result due to Johnston and Jordaan [22] and use contiguous relations satisfied by q-Laguerre polynomials to prove quasi-orthogonality and interlacing properties of the zeros of quasi-orthogonal φ 2 Quasi-orthogonality and zeros of 2 φ 2 polynomials
The following theorem which is analogous to [22, Theorem 2.1] shows that the polynomials r φ s of degree n can be expressed as a linear combination of polynomials of lesser degree with shifted parameters. Theorem 2.1. Let n ∈ N; k = 1, 2, · · · , n − 1; |q| < 1 and α 1 , α 2 , · · · , α r , β 1 , β 2 , · · · , β s ∈ R with α 1 , α 2 , · · · , α r , β 1 , β 2 , · · · , β s / ∈ {0, −1, −2, · · · , −n} and α 2 / ∈ {0, 1, · · · , k − 1}. Then
1)
for non-zero constants A i , i = 0, 1, 2, · · · , k depending on n, α 2 and q.
Proof. The contiguous relation (cf. [28, pp. 25 , Eqn. (C28)]) for r φ s functions with a = q −n and b = q α 2 becomes
which, on re-ordering of terms, can be written as r φ s q −n , q α 2 +1 , α 3 , · · · , α r β 1 , β 2 , · · · , β s ; q, z = a α 2 n r φ s q −n+1 , q α 2 , α 3 , · · · , α r β 1 , β 2 , · · · , β s ; q, z
For ease of notation, let us write (2.2) as
Apply (2.3) to both the polynomials on the right hand side of (2.3) to obtain
Similarly, applying (2.3) to the polynomials on the right hand side of (2.4) up to (k − 1) times, yields (2.1).
To study the quasi-orthogonality and interlacing properties of φ
n (z) defined by (1.2), (1.3), (1.4) and (1.5) we will make use of the contiguous relations proved in the following lemma.
The following relations hold true:
n (z; q) for n ∈ N and δ > −1 satisfy the relations
and
The little q-Jacobi polynomials p n (z; a, b|q) for n ∈ N, 0 < aq < 1 and bq < 1, satisfy the relations
Proof. We begin by proving that for a fixed n,
n (zq; q) of degree n + 1, can be written as
where a j ; j = 0, 1, . . . , n + 1, is given by
is orthogonal with respect to the weight function w(z; q) on the interval (0, ∞). Using the change of variable x = zq and upon substitution of the weight function, (2.10) becomes
Therefore, a j = 0 for j = 0, 1, . . . , n − 1 and it follows that
where a n+1 and a n are both different from zero.
Next, we compute the coefficients a n+1 and a n by expanding both sides of (2.11) in terms of powers of z and comparing the coefficients of z n+1 and z n to have respectively
Solving the above system of equations for a n+1 and a n , we obtain a n+1 = q n+1 − 1 q n+δ+1 and a n = 1 q n+δ+1 . This completes the proof of the first equation in Lemma 2.2(i). The derivation of the other equations in the lemma is similar, therefore it suffices to point out that, once the relations have been obtained, they can easily be verified by comparing the coefficient of z n on both sides. Similarly, suitable applications of [ 2.1 Quasi-orthogonality using q-Laguerre polynomials
Then the polynomial φ
and has at least (n − k) distinct, real, positive zeros.
Multiplying (2.12) by (−z; q) k and using (2.13) as well as the relation
. . , k and k = 0, . . . , n − 1. Therefore, upon multiplication by the weight function w(z; q) = z δ (−z; q) ∞ and the factor z j on both sides of (2.14), and integrating with respect to z over the support (0, ∞), we obtain ∞ 0 z j (−z; q) k φ (k) n (z)w(z; q)dz = 0; j = 0, . . . , n − k − 1, = 0; j = n − k.
Order 1
Taking k = 1 in Theorem 2.3, the corresponding polynomial φ (1) n (z) is quasi-orthogonal of order 1 on (0, ∞) and hence φ (1) n (z) has at least (n − 1) real and distinct positive zeros. In the next theorem we investigate the location of the n real zeros φ (1) n (z) with respect to the endpoints of the orthogonality interval and with respect to the zeros of monic q-Laguerre polynomials of degree n and n − 1.
Theorem 2.4. Let n ∈ {2, 3, · · · }, δ > −1, γ, δ ∈ R and γ / ∈ {0, −1, · · · , −n − 1}. Denote the zeros of φ (1) n (z) by z i,n , i ∈ {1, 2, · · · , n} and those of the monic q-Laguerre polynomialL (δ) n (zq; q) by x i,n , i ∈ {1, 2, · · · , n}. Then (a) z i,n > 0; i ∈ {1, · · · , n} if and only if γ < −n or γ > 0. n−1 (zq; q) as (i) x i,n < z i,n < x i,n−1 for i ∈ {1, · · · , n − 1} and x n,n < z n,n , (ii) z 1,n < x 1,n and x i−1,n−1 < z i,n < x i,n for i ∈ {2, · · · , n}.
Proof. Letting r = 2 = s, α 2 = γ, β 1 = q δ+1 , β 2 = q γ and replacing z by −q n+δ+1 z in (2.2), we obtain
which in terms of monic q-Laguerre polynomialsL (δ) n (zq; q) = (−1) n (q; q) n q n(δ+n+1) L (δ) n (zq; q) can be written as
. Now set f n (z) =L (a) Since f n (0) < −a n if and only if γ < −n or γ > 0, so by [25, Theorem 4(iii)], z i,n > 0 for i ∈ {1, · · · , n}.
(b) Since −a n < f n (0) < 0 if and only if −n < γ < 0, so by [25, Theorem 4(i)], z 1,n < 0 and z i,n > 0; i ∈ {2, · · · , n}.
(c) Since a n < 0 for γ < −n and a n > 0 for γ > −n, so by [25, Theorem 5(i),(ii)], we have (i) x i,n < z i,n < x i,n−1 for i ∈ {1, · · · , n − 1} and x n,n < z n,n , (ii) z 1,n < x 1,n and x i−1,n−1 < z i,n < x i,n for i ∈ {2, · · · , n}.
Order 2
Substituting k = 2 in Theorem 2.3, we know that φ (2) n (z) is quasi-orthogonal polynomial of order 2 and has at least (n − 2) real, distinct, positive zeros. In addition, we can also prove the following: Theorem 2.5. Let n ∈ {2, 3, · · · }, γ, δ ∈ R with δ > −1 and γ / ∈ {0, −1, · · · , −n − 2}. Denote the zeros of φ (2) n (z) by y i,n , i ∈ {1, 2, · · · , n} and those of monic q-Laguerre polynomialsL (δ) n−1 (zq 2 ; q) by x i,n−1 , i ∈ {1, 2, · · · , n − 1}. Then for −n − 1 < γ < −n, the zeros of φ (2) n (z) are all real and distinct and at most two of them are negative. Furthermore, the zeros of φ (2) n (z) interlace with the zeros ofL (δ) n−1 (zq 2 ; q) as follows: y 1,n < x 1,n−1 and x i−1,n−1 < y i,n < x i,n−1 for i ∈ {2, · · · , n − 1} and x n−1,n−1 < y n,n .
Proof. Replacing α 2 by α 2 + 1 in (2.4) and iterating, we obtain
Substituting r = 2 = s, α 2 = γ, β 1 = q δ+1 , β 2 = q γ and replacing z by −q n+δ+1 z in (2.16) , yields
Using (2.6) to replace L (δ) n (z; q) and L (δ) n−1 (zq; q) and writing the result in terms of monic q-Laguerre poly-nomialsL (δ) n (zq 2 ; q) = (−1) n (q; q) n q n(n+δ+2) L (δ) n (zq 2 ; q), we obtain (−1) n (q δ+1 ; q) n q n(n+δ)
Since b n < 0 if and only if −n − 1 < γ < −n, by [3, Theorem 4 and 5], the results hold.
3 Quasi-orthogonality of 3 φ 2 polynomials 3.1 Quasi-orthogonality using little q-Jacobi polynomials
We begin by considering the quasi-orthogonality of a class of 3 φ 2 polynomials.
Theorem 3.1. Let n ∈ N, k = 1, · · · , n − 1, 0 < q < 1, 0 < aq < 1, bq < 1, γ ∈ R and γ, γ + k / ∈ {0, −1, −2, · · · , −n}. Then the polynomial Φ Proof. When k = 1, letting r = 3, s = 2, α 2 = γ, α 3 = abq n+1 , β 1 = aq, β 2 = q γ and replacing z by qz in (2.2), we have
and substituting (2.7) into (3.1), yields
.
For k = 2, substituting r = 3, s = 2, α 2 = γ, α 3 = abq n+1 , β 1 = aq, β 2 = q γ and replacing z by qz in (2.16), we obtain
Substituting the values of p n−1 (z; a, bq|q) and p n−2 (z; a, bq 2 |q) from (2.7) into (3.3), yields
For general k = 1, . . . , n − 1, we let r = 3, s = 2, α 2 = γ + k − 1, α 3 = abq n+1 , β 1 = aq, β 2 = q γ and replace z by qz in (2.1) to obtain
A j p n−j (z; a, bq j |q), (3.5) where A i , i = 0, 1, 2, · · · , k are non-zero constants depending on n, γ and q. Using (2.7) to substitute the values of p n−j (z; a, bq j |q) iteratively into (3.5) for each j = {0, 1, · · · , k}, we obtain
where each coefficient q n−i (z) in (3.6) has a factor of the form (zbq; q) k in the denominator. Hence, multiplying by (zbq; q) k on both sides of (3.6), we see that
where the coefficient r n−k (z) is constant. Multiplying w(z)z t where t ∈ {0, 1, · · · , n − k} and w(z) = (bq; q) z (aq) z (q; q) z is the little q-Jacobi weight, and taking summation on both sides of (3.7), we get
This proves that Φ (k) n (z) is quasi-orthogonal of order k and therefore it has (n − k) real positive zeros in (0, 1) with respect to the weight function (bq; q) z (aq) z (q; q) z (zbq; q) k .
Order 1
Theorem 3.2. Let n ∈ N, 0 < q < 1, 0 < aq < 1, bq < 1 and γ ∈ R with γ / ∈ {0, −1, · · · , −n − 1}. Denote the zeros of Φ (1) n (z) by Z i,n , i ∈ {1, 2, · · · , n} and those of the monic little q-Jacobi polynomial p n (z; a, bq|q) by X i,n , i ∈ {1, 2, · · · , n}. Then (a) Z 1,n < 0 and Z i,n ∈ (0, 1) for i ∈ {2, · · · , n} if and only if −n < γ < 0.
(b) Z i,n ∈ (0, 1) for i ∈ {1, · · · , n} when 0 < γ < n − 1 or γ > n − 1 and b < 0.
(c) The zeros of Φ
(1) n (z) interlace with those ofp n (z; a, bq|q) andp n−1 (z; a, bq|q) as follows:
(i) Z 1,n < X 1,n and X i−1,n−1 < Z i,n < X i,n for i ∈ {2, · · · , n} when −n < γ < n − 1 or γ > n − 1 and b < 0;
(ii) X i,n < Z i,n < X i,n−1 for i ∈ {1, · · · , n−1} and X n,n < Z n,n when γ < −n or γ > n − 1 + log abq 2 log q and b > 0.
Proof. Using (2.8), (3.1) can be written in terms of monic little q-Jacobi polynomials p n (z; a, bq|q) = (−1) n q n(n−1) 2 (aq; q) n (abq n+2 ; q) n p n (z; a, bq|q) as
Now set F n (z) =p n (z; a, bq|q) p n−1 (z; a, bq|q)
, so that
It follows immediately from the assumptions n ∈ N, 0 < q < 1, 0 < aq < 1, bq < 1 that F n (0) < 0 and F n (1) > 0.
(a) Using (3.8) and (3.9), we see that −A n < F n (0) if and only if
Therefore, −A n < F n (0) if and only if γ > −n and
Since (3.11) is equivalent to
it follows that −A n < F n (0) if and only if −n < γ < 0. The result now follows from [25, Theorem 4(i)].
(b) It is easy to see that F n (0) < −A n if and only if γ < −n or γ > 0. To establish the relationship between A n and F n (1), consider
where (1 − q γ+n ) > 0 if and only if γ > −n while (1 − abq n−γ+1 ) > 0 when −n < γ < n − 1 or γ > n − 1 and b < 0. Since there is no solution for (1 − q γ+n ) < 0 and (1 − abq n−γ+1 ) < 0 we have −A n F n (1) < 0 < 1 when −n < γ < n − 1 or γ > n − 1 and b < 0 and therefore F n (0) < −A n < F n (1)
when 0 < γ < n − 1 or γ > n − 1 and b < 0. The result follows from [25, Theorem 4(iii) ]. 3.1.2 Order 2 Theorem 3.3. Let n ∈ {2, 3, · · · }, 0 < aq < 1, bq < 1 and −n = γ ∈ R with γ / ∈ {0, −1, · · · , −n − 2}. Denote the zeros of Φ (2) n (z) by Y i,n , i ∈ {1, 2, · · · , n} and those of monic little q-Jacobi polynomials p n−1 (z; a, bq 2 |q) by X i,n−1 , i ∈ {1, 2, · · · , n − 1}. Then for −n − 1 < γ < −n, the zeros of Φ (2) n (z) are real and distinct and at most two of them are negative. Furthermore, the zeros of Φ (2) n (z) interlace with the zeros ofp n−1 (z; a, bq 2 |q) as follows:
Proof. Substituting the expressions for p n (z; a, b|q) and p n−1 (z; a, bq|q) from (2.8) into (3.3) and writing it in terms of monic little q-Jacobi polynomials p n (z; a, bq 2 |q) = (−1) n q n(n−1) 2 (aq; q) n (abq n+3 ; q) n p n (z; a, bq 2 |q), we obtain
where
After simplification, we get
n−2 (z; a, bq 2 |q).
Since the coefficient ofp n−2 (z; a, bq 2 |q) is negative if and only if −n − 1 < γ < −n, the result follows from [3, Theorem 4 and 5].
3.2 Quasi-orthogonality using q-Meixner polynomials Theorem 3.4. Let n ∈ N, k = 1, · · · , n−1, 0 < bq < 1, c > 0, γ ∈ R and γ, γ+k / ∈ {0, −1, −2, · · · , −n}.
Then the polynomial ϕ Proof. Letting r = 3, s = 2, α 2 = γ + k − 1, α 3 = q −z , β 1 = bq, β 2 = q γ and z = − q n+1 c in (2.1), we get
where A i , i = 0, 1, 2, · · · , k are non-zero constants depending on n, γ and q. Substituting the values of M n−j q −z ; b, c q j ; q iteratively from (2.9) in (3.13), we obtain
where each coefficient u n−i (z) in (3.14) has a factor of the form q kz (−bcq z−k+1 ; q) k . Hence, dividing this factor on both sides of (3.14), yields
where the coefficient v n−k (z) is a constant. Multiplying z t where t ∈ {0, 1, · · · , n − k} and the q-Meixner
, and taking summation on both sides of (3.15), we get
This proves that ϕ Proof. Letting r = 3, s = 2 and α 2 = γ + k − 1, α 3 = z −1 , β 1 = 0, β 2 = q γ and z = qz a in (2.1), we obtain
Upon multiplication of the Al-Salam Carlitz I weight qz, qz a ; q ∞ and the factor z t , and integrating both sides of (3.16) with respect to z over the support (a, 1), we obtain 1 a z t qz, qz a ; q ∞ Φ (k) n (z)dz = 0; t = 0, . . . , n − k − 1, = 0; t = n − k.
Hence the result follows.
Interlacing of zeros of quasi-orthogonal q-Laguerre polynomials
The following theorem shows the quasi-orthogonality of the q-Laguerre polynomials. n−i−1 (z, q); k = 0, 1, · · · , n − 2.
For j = 1, multiplication of z k 1 ; k 1 = 0, 1, · · · , n − 2 and z δ+1 (−z; q) ∞ in (4.1), and integrating the resulting equation with respect to z over the support (0, ∞), yields The integrals on the right hand side of (4.2) vanishes since δ + 1 > −1. Therefore, for δ ∈ (−2, −1), L (δ+1) n (z; q) is quasi-orthogonal of order 1 with respect to the weight z δ+1 (−z; q) ∞ on (0, ∞). Applying induction hypothesis, we have the required result for j = {1, · · · , n − 1}.
Let ν 1,n < ν 2,n < · · · < ν n,n be the zeros of L (δ) n (z, q) and κ 1,n < κ 2,n < · · · < κ n,n be the zeros of L (δ+1) n (z, q). Then the following results hold true. Proof. Clearly, the coefficients of L (z, q) as ν 1,n < κ 1,n < ν 2,n < κ 2,n < · · · < ν n,n < κ n,n . Again from [29, Further applications of [17, Lemma 4(b) ] shows that the real, simple zeros of L (δ+1) n−1 (z, q) interlace with those L (δ) n (z, q) as ν 1,n < κ 1,n−1 < ν 2,n < κ 2,n−1 < · · · < ν n−1,n < κ n−1,n−1 < ν n,n .
